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BURNING OF A P O W D E R  U N D E R  H A R M O N I C A L L Y  VARYING P R E S S U R E  

B. V. N o v o z h i l o v  

Z h u r n a l  P r i k l a d n o i  M e k h a n i k i  i T e k h n i c h e s k o i  F i z i k i ,  No. 6, pp. 1 4 1 - 1 4 4 ,  1965 

A powder model is examined in which the surface temperature of the 
powder T s is a function of the pressure and the initial temperature To �9 
Ali the processes taking place in the reactive Iayer of the condensed 
phase and in the gas phase are assumed to be inertialess. It is shown 
that the equation of heat conduction with a convection term, the 
boundary conditions for which relate the burning rate. the surface 
temperature, and the temperature gradient at the burniug rate can be 
treated in the same terms as oscillations described by ordinary differ- 
ential equations. It i~ meaningful to introduce such concepts as 
natural frequency, damping constant, and resonance. 

1. M o d e l  of  b u r n i n g  of  p o w d e r s .  Z e l ' d o v i c h ' s  [1] 
t h e o r y  of  b u r n i n g  of p o w d e r s  i n c l u d e s  a m e t h o d  fo r  
s t udy ing  n o n s t e a d y  c o m b u s t i o n  p r o c e s s e s .  T h e  m a i n  

po in t  of the  m e t h o d  is tha t  the  s t e a d y - s t a t e  d e p e n d e n c e  

of  the b u r n i n g  r a t e  m~ p) on the i n i t i a l  t e m p e r a t u r e  
T O and p r e s s u r e  p can  be  r e d u c e d  to  t he  r e l a t i o n  m ( f ,  
p), w h e r e f  is  the t e m p e r a t u r e  g r a d i e n t  at  the  p o w d e r  
s u r f a c e .  The  f u n c t i o n a l  r e l a t i o n s h i p  ob t a ined  ho lds  fo r  

n o n s t e a d y  c o n d i t i o n s  a l s o  (the s u p e r s c r i p t  on the 
b u r n i n g  r a t e  is  t h e r e f o r e  n e g l e c t e d ) ,  b e c a u s e  the  g r a -  

d i en t  d e f i n e s  the t e m p e r a t u r e  in the  c o m b u s t i o n  zone  
on which  the  b u r n i n g  r a t e  depends .  The  t r a n s i t i o n  

f r o m  m~ p) to re{f ,  p) is a c c o m p l i s h e d  wi th  the a id  
of the  known r e l a t i o n  b e t w e e n  the  g r a d i e n t ,  b u r n i n g  
r a t e ,  and i n i t i a l  t e m p e r a t u r e  

~/o = 7 -  ( T 2 -  To), (i.I) 

which  ho lds  in s t e a d y - s t a t e  c o n d i t i o n s  (u i s  the t h e r m a l  
d i f f u s i v i t y  and p i s  the  p o w d e r  d e n s i t y ) .  It i s n a t u r a l  
t ha t  in such  an a p p r o a c h  to  the s tudy  of n o n - s t e a d y  
p h e n o m e n a  the i n e r t i a  p r o p e r t i e s  of a l l  p r o c e s s e s  wi th  
e x c e p t i o n  of  h e a t  c o n d u c t i v i t y  in the  c o n d e n s e d  phase  

shou ld  be  n e g l e c t e d .  
In Z e l ' d o v i c h ' s  t h e o r y ,  the s u r f a c e  t e m p e r a t u r e  of  

the  p o w d e r  T s is t a k e n  as c o n s t a n t ,  wh ich  m e a n s  tha t  
i t  is i n d e p e n d e n t  of bo th  p r e s s u r e  and the  i n i t i a l  t e m -  

p e r a t u r e  of the  p o w d e r .  T h e  a u t h o r  [2] has  shown tha t  
on the  s a m e  a s s u m p t i o n  c o n c e r n i n g  the  p r i n c i p a l  r o l e  
of the i n e r t i a  p r o p e r t i e s  of the  h e a t e d  l a y e r  of the  c o n -  
d e n s e d  phase ,  i t  is p o s s i b l e  in an a n a l o g o u s  m a n n e r  
to t a k e  into a c c o u n t  the  d e p e n d e n c e  of  t he  s u r f a c e  

t e m p e r a t u r e  on T O and p in t h e o r y  of n o n s t e a d y  b u r -  
n ing  of p o w d e r s .  T h u s ,  In [3] i t  was  shown tha t  in 
n o n s t e a d y  c o n d i t i o n s ,  T s a l s o  depends  on the  g r a d i e n t  
and p r e s s u r e ,  and tha t  t h i s  d e p e n d e n c e  T s ( f ,  p) can  
be  d e r i v e d  f r o m  the  s t e a d y - s t a t e  law Ts~ p) by 

t ak ing  (1.1) in to  accoun t .  
T h e  p r e s e n t  w o r k  d e a l s ,  in the  l i n e a r  a p p r o x i m a -  

t ion ,  wi th  the  p r o c e s s  of  b u r n i n g  of  p o w d e r s  a t  v a -  
r i a b l e  p r e s s u r e .  We w i l l  n e e d  fo r  th i s  p u r p o s e  a 

r e l a t i o n  b e t w e e n  the f i r s t  d e r i v a t i v e s  of the  b u r n i n g  
r a t e  wi th  r e s p e c t  r a t e  to T o and p, and t o f  and p : 

{o in . :  ~ _ {OT7 
k=(Ts ~ To)\--~o 1~' r--\-O-~o ]p' 

{O In m ~ \ i { og~ ~ 

= k  O--~pp );o '  tz To To \Olnp/r. 

(1.2) 

T h e  t r a n s i t i o n  f r o m  t h e s e  q u a n t i t i e s ,  wh ich  can  be  
d e t e r m i n e d  f r o m  s t e a d y - s t a t e  c o m b u s t i o n  e x p e r i m e n t s ,  
to d e r i v a t i v e s  wi th  r e s p e c t  t o f  and p can  be  a c h i e v e d  
m o s t  e a s i l y  wi th  the  a id  of  J a c o b i a n s .  F r o m  r e l a t i o n  

(1.1) we have  

(Oln/~ {O ln /~ 
(Ts ~ ] p ~ k + r - l, \O ln p )To = ~ -? la " 

Hence, for example 

O In m ~ ~ 0 (In m% In/~ 0 (In m ~ In J~ / 0 (ln p, To) 
O-O]-~]to = O( lnp ,  ln]  ~ = 0(lnp, ln]~ To) = 

(0 in m ~ / 0 In p)ro.(0 In ]~ ! 0T0)p --  (0 Inm ~ / 0T0)p) (0 In ]~ / 0 In P)To 
(0 In 1o / OTo)p 

v (r -- 1) --t~k 
k - l - r - - I  " 

In the same fashion we can obtain the remaining 

relations that are given below, and which in virtue of 

the above hold also in the nonsteady ease 

(Olnm ~ v(r--i)--~k i / OT8 
~--q~ /:-- h-S r-- i ' Ts~ To \~-/J 

(k - -  l )  - -  vr 
k - t - r - - i  

O l n ] ] v  k q - r - - i ' T s ~  \ O l n /  /p k - } - r - - 1 .  (1.3) 

F o r  r = # = 0, the  e x p r e s s i o n  (1.3) r e d u c e s  to 

Z e l d o v i c h ' s  r e l a t i o n s  [3]. 

( 01nm ~ - -  k ( O l n m ~  v 
Oln]  Ip k - - i  ' \ ~ l / =  t - - k  . 

2. E i g e n f r e q u e n c y  and a t t e n u a t i o n  c o n s t a n t .  Upon 
i n v e s t i g a t i o n  of  the  c o m b u s t i o n  s t a b i l i t y  of the  m o d e l  
u n d e r  e x a m i n a t i o n ,  i t  w a s  found [2] t h a t  t he  a s m t m p -  

t ion  c o n c e r n i n g  the  d e p e n d e n c e  of Ts  ~ on T O l e a d s  to 
a s u b s t a n t i a l  e x t e n s i o n  of the r e g i o n  of  s t a b l e  c o m -  
bus t ion .  W h e r e a s  f o r  r = 0 ( Z e l ' d o v i c h ' s  c a s e ) ,  the 
s t e a d y - s t a t e  r e g i m e  is s t a b l e  only if k < 1, for  r > 0, 
s t a b l e  c o m b u s t i o n  is  a l s o  p o s s i b l e  at  k > 1, in wh ich  

c a s e  the s t a b i l i t y  r e g i o n  is  d e f i n e d  by the  r e a l t i o n  
r >_ (k - 1)2/(!< + 1). In th is  c o n t e x t ,  i t  was  found tha t  

the  r e l a x a t i o n  of  n o n s t e a d y  t e m p e r a t u r e  d i s t r i b u t i o n  

and b u r n i n g  r a t e  to s t e a d y - s t a t e  v a l u e s  o c c u r s  in an 
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o s c i l l a t o r y  fashion (the p r e s e n c e  of o s c i l l a t o r y  modes  

of powder combust ion  was f i r s t  noted in a paper  by 
A. G. I s t ra tov  and V. B. Librovich  [4]). At k > 1 and 
r _>_(k - 1)2/(k + 1), the t ime fac tor  that defines the 
approach to the s teady r e g i m e  has the form [f~(u~ 
/ ~ ] ,  where  u ~ is the s t eady- s t a t e  value of the l inear  
burning ra te  u ~ = m ~  and 

a ( k ,  i ) : -  ~(k + O k - - I  
2r 2 ~. i ~ ]/'(2k-- r ~- 2)r - - ( k - -  I) ~ .(2.1) 

It is  evident  that X = - R e  i2 c h a r a c t e r i z e s  the a t ten-  
uation of the osc i l l a t ions  and it  is t h e r e f o r e  na tu ra l  
to denote by 

L =  r(k-{- t ) - - ( k - - l ) 2  (2.2) 
2r ~ 

the damping constant  of the osc i l l a t ions .  T h e  i m a -  
g inary  par t  of ~2, which defines the f requency of the 
osc i l l a t ions ,  can be wr i t ten  in the fo rm 

Im a = • 1 / ~  (m = Yk / r). (2.3) 

We will  use co to denote the na tura l  f requency of 
the powder osc i l l a t ions .  

On the cu rve  r = (k - 1)2/(!< + 1), damping is ab ~ 
sent,  and the f requency  

tf~ (k + i) 
(oo = ~ �9 ( 2 . 4 )  

The in t roduced quant i t ies  )t and co a re  d i m e n s i o n -  

less ;  t r ans i t ion  to d imens iona l  X and co r e q u i r e s  that 
these  quant i t ies  be divided by ~ / (u~  2, i . e . ,  by the 
c h a r a c t e r i s t i c  re laxa t ion  t ime of the heated layer  of 
the c o n d e n s e d p h a s e .  For  ~r = 103 c m 2 / s e c ,  we have 
~t/(u~ 2 = 10 -1 see for u ~  10 -1 c m / s e c ,  and 10 -3 see 
for  u tJ= 1 e m / s e c .  

The na ture  of the o sc i l l a to ry  mode depends on the 
re laxa t ion  between X and co. For  X << co, i . e . ,  for 

weak damping , the re  is only a s l ight  change in a m -  
plitude over  one per iod.  It is obvious that  when the 
s tabi l i ty  l imi t  is approached,  i . e . ,  at r ~ (k - 1)2/ 
/ (k  + 1), damping d e c r e a s e s ,  and its value may be 
c ons ide r ed  a r b i t r a r i l y  smal l .  At the s tabi l i ty  l imi t  
i t se l f ,  the damping constant  X = 0. 

Hence, it may be a s sumed  that in the reg ion  k > 1, 
the powder r e p r e s e n t s  an osc i l l a to ry  sys tem with a 
def ini te  f requency and damping constant.  Powder  that 
(at Constant p r e s s u r e )  is brought  out of the steady 
combust ion  state wil l  r e l ax  to the s t eady - s t a t e  r e g i m e  
in such a way that its burning ra te  p e r f o r m s  o s c i l -  
lat ions about the s t e ady - s t a t e  value with f requency 

and damping X, For  k < 1, the re laxa t ion  
to the s t eady- s t a t e  r e g i m e  will  be v i scous  in na ture ,  
i. e . ,  without passage  through the s t eady - s t a t e  r e -  
g ime.  Of cou r se ,  the aper iod ic  r e g i m e  can a lso  be 
r eached  at k > 1 by se t t ing it _> co; however ,  this con-  
dition l eads  to values  of r so la rge  that they a re  
apparent ly  neve r  r e a l i z e d  in prac t ice .  

At cons tant  p r e s s u r e ,  the osc i l la t ions  will  be 
t e r m e d  f r ee  osc i l l a t ions .  In the following p a r a -  
graph we wil l  examine  the burning of powders at 
ha rmonica l ly  vary ing  p r e s s u r e .  The osc i l la t ions  of 
the burning ra te  in these  condit ions will  be t e r m e d  

forced  osc i l l a t ions .  
3. F o r c e d  osc i l l a t ions  of the burning ra te .  We 

will  examine  in the l inear  approximat ion the s t eady-  
state p roces s  of powder combus t ion  a t  ha rmonica l ly  
vary ing  p r e s s u r e .  As in the preceding  case ,  the 
iner t ia  p rope r t i e s  of the heated l a y e r  of the condensed 

phase 0nly will  be Considered.  This r e q u i r e m e n t  leads 
to an upper bound for  the f requency of the p r e s s u r e  
osc i l l a t ions .  Indeed, in o r d e r  that the zone in which 
the gas is heated to the burning t e m p e r a t u r e  may be 
cons ide red  i n e r t i a l e s s ,  it is n e c e s s a r y  that the f r e -  

quency of the P r e s s u r e  var ia t ion  be much less  than 
the r e c i p r o c a l  c h a r a c t e r i s t i c  t ime of the gas heating 

zone 

t * =  DP*~ 
u~pa , 

where  D is diffusion coeff ic ient ,  and p* and p are  the 
density of the gas and the solid phase,  r e spec t ive ly .  
The magnitude of t* is Of the o r d e r  of ~10 -5 sec  {see, 
for example ,  [5]). Hence, for p r e s s u r e  varying with 
f requency up to s e v e r a l  tens of kc, the p r o c e s s e s  in 
the gas phase may be cons ide red  ine r t i a l e s s .  The one 
ine r t i a l  p roces s  takes place in the sol id phase, where  
the following heat  conduction equation holds:  

OT O~T OT 
0-T = u ~ - -  u ~ ,  T I~=0 ~ r , ,  T I . . . .  = T 0 . ( 3 . 1  ) 

Let us pass to the d imens ion le s s  va r i ab les  

T - -  To u ~ (u~ u m 
O = T O _ T o  , ~ = - - ~ Z ,  T =  x t. v =  u o mO , (3.2) 

we then o b t a i n  

O0 0~0 00 
o - ~ = W - ' - ~ '  ~ = e '  

o I ~ = _ ~  = 0 ( 8  = ~ / ' r '  - v0 ~ ( 3 . 3 )  

The s t eady- s t a t e  r e g i m e  is desc r ibed  by the so lu -  
tion 

0=e~i  ~ = t ,  ~ = 1 ,  ~ = t  ~ = ( 0 0 / 0 ~ ) 0 = I / / , ,  (3.4) 

where  (p is a d imens iona l  gradient .  
Let us e x a m i n e  the fully developed combust ion 

p roces s  at a p r e s s u r e  that va r i e s  according  to the 
law 

p=pO(l+hcosyx), 

where  3, is d imens ion less  frequency.  In the l inear  
approximat ion ,  w e  may use the complex  method. We 
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represent the rate, temperature, gradient, and pres- 

sure in the form 

,v = I + vie {~,  0 = e ~ (i + O~ei'~), '~ = 1 + ~ae i'r~, 

~ =  t + ~ l e  i~  ~ l : t + h e { ~ ' ( ~ l = p / p ~  (3.5) 

F r o m  r e l a t i o n s  (1 .3) ,  i t  i s  e a s y  to o b t a i n  

k _] v ( r - - I ) - . -  ~k 
*'1 -~- ~ qh k + r - - 1  h, 

r . p~ (k--  t ) - -  v r 
O~ ~ k + r - - i  T i + - - k + r - - I  h . (3.6) 

L i n e a r i z a t i o n  of t h e  h e a t  c o n d u c t i o n  e q u a t i o n  (3.2) 

l e a d s  to  the  e q u a t i o n  

i~01 = 0~" + O( -5 z'l ( 3 . 7 )  

T h e  r e s u l t s  a r e  the  s a m e  as  t h o s e  o b t a i n e d  by  
Z e l ' d o v i c h  [3]. 

4. R e s o n a n c e .  Le t  us  e x a m i n e  t he  o b t a i n e d  r e l a -  
t i o n s  in  the  c a s e  w h e r e  t h e  f r e q u e n c y  of t h e  p r e s s u r e  
o s c i l l a t i o n s  a p p r o a c h e s  t he  n a t u r a l  f r e q u e n c y  of t he  

p r e s s u r e  o s c i l l a t i o n s  a p p r o a c h e s  t he  n a t u r a l  f r e q u e n c y  

of the  o s c i l l a t i o n s ,  i . e . ,  t he  c a s e  of r e s o n a n c e .  L e t  

7 = w + e. We p a s s  f r o m  the  q u a n t i t i e s  k, r ,  a n d  7 to 
k, X, and  e, a s s u m i n g  t h a t  ~ a n d  ~ a r e  s m a l l  c o m p a r e d  

to  t he  natural f r e q u e n c y  to. In t he  a p p r o x i m a t i o n  em- 
ployed 

= ~ + ~  V4Y] ~J' 

(the prime denotes differentiation with respect to [). 

Its solution is 

]/'fr [ (k--  i)~ (k + i) 2 ( k - - l )  ~ ] 
Rl=ik-~--~l] i+ ] fk (k~_ i_6k_}_ i )e  k ~ + 6 k + i ~ .  (4.1) 

01=Ae~,~+~ vl , ( 3 . 8 )  

z ~ = V ~ ( , r / R ~ - - t ) + i R ~ ,  R ~ = ( ' / s ( V t 6 , ( ~ + l - - t ) / / , .  (3.9) 

The second root of the characteristic equation is 

neglected since it corresponds to a solution [ -~ _0% 

From (3.8) we obtain 

01 = A + iv~ / ~ , (3.10) 

O0 o 001 = ~ . . =  = 1 + ~ 1 + - ~ -  ~=0' ~ = ~ + A z ~ .  (3.11) 

The four  algebraic equations ((3.6, 7), (3.10, i i ) )  
represent a system in closed form from which it is 
possible to determine ~01, ~i, A, and vp For the most 
important quantity--the burning rate--we have 

v + (w --bk) zl (3.12) 
vl = i ~ k + ( r - - i k / j z l  " 

After introduction of the quantities 

a = v - - l - a / ~ ( v r - - ~ t k ) ( 7 / R l - - l ) ,  b = ( v r - - ~ k )  R1,  

kR~ ) ~ ( ~  ~), (3.13) 

Substitution of these expressions into (3.12) yields 

(for  k > 1) 

vl = (4.2) 

(k + i) (k: + 6k + i) {v (k ~"- I) + [v (k-- i) 2- bk(k + I)1(I + i]fk)}h. 
2 (k - -  i){ I- -  V ~  (k- -  i) + i (3k + l)] ( s - -  z~j 

For the modulus of the amplitude we obtain 

I vl l ~ = (4.3) 

k (k + I)3 (~z § 6k + i) [v~ (k -- i) ~ -- 21~vk (k -- I) + a~k (k + I)1 h~ 

1. e . ,  a t y p i c a l  r e s o n a n c e  d e p e n d e n c e  of the  b u r n i n g  

r a t e  on f r e q u e n c y .  If k < 1, r e s o n a n c e  e f f e c t s  do n o t  
a r i s e .  In p h y s i c a l  t e r m s ,  t h i s  is  e x p l a i n e d  b y  the  f a c t  
t h a t  p o w d e r  h a s  no  n a t u r a l  f r e q u e n c y ,  w h i l e  f o r m a l l y ,  

i t  is  e x p r e s s e d  by  a s p e c i f i c  d e p e n d e n c e  of R 1 on t he  
q u a n t i t y  k - 1. F o r  t he  p h a s e  s h i f t  we h a v e  

F L - -  Cs 
tg ~ = G~. + F~ 

F = v (k --  t) 9 --  2~Ic (k + J), 

G = V-k-Iv ( /~-  2) (k + 3) + ~ (k + i )q .  (4.4) 

the complex amplitude of the burning rate, its modu- 

lus, and phase shift with respect to pressure can be 

written in the form 

a-Uib  {a~+b2~'/2 b c - - a d  (3.14) 
vl = c + i d  ' I v : ] = \ ~ /  ' tg~q) = a c + b d  " 

F o r  c o n s t a n t  t e m p e r a t u r e ,  t h e s e  e x p r e s s i o n s  t a k e  

t he  f o r m  

v do 
1,1{--  V ~ '  t g ~ =  - - C ~  , 

A s  is  u s u a l l y  the  c a s e ,  on p a s s a g e  t h r o u g h  t he  r e -  

s o n a n c e  p o i n t  ( v a r i a t i o n  of e f r o m  - k  to X), the  p h a s e  

c h a n g e s  b y  1 / 2  ~. No te  t h a t  in  t h e  g e n e r a l  c a s e  b o t h  
t he  e q u a t i o n  a n d  b o u n d a r y  c o n d i t i o n s  a r e  n o n l i n e a r  

It is  of i n t e r e s t  to  s t u d y  t he  n o n l i n e a r  o s c i l l a t i o n s  of 

the  b u r n i n g  r a t e  w h i c h  a r i s e  a t  l a r g e  p r e s s u r e  a m -  
p l i t u d e s .  In t h i s  c a s e ,  one m a y  e x p e c t  a l l  t h e  c h a r a c -  

t e r i s t i c  p h e n o m e n a  a s s o c i a t e d  w i t h  n o n l i n e a r  o s c i l l a -  
t i o n s ,  n a m e l y ,  a n o n u n i q u e  d e p e n d e n c e  of  the  b u r n i n g  

r a t e  on the  f r e q u e n c y  of  t he  p r e s s u r e  v a r i a t i o n s ,  

a b r u p t  c h a n g e s  f r o m  one  m o d e  of  b u r n i n g  to a n o t h e r ,  

r e s o n a n c e s  a t  f r e q u e n c i e s  t h a t  do n o t  m a t c h  t h e  
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n a t u r a l  f r equency  of the s y s t e m ,  and so for th  (see,  
for  e x a m p l e ,  [61). 

The au thor  is  indebted  to O. I. Le ipunsk i i  for  
c o n s t r u c t i v e  d i s c u s s i o n  and many  usefu l  c o m m e n t s .  
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